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a b s t r a c t
We extend the notion of a defensive alliance to weighted graphs. Let (G, w) be a weighted
graph, where G is a graph and w be a function from V (G) to the set of positive real
numbers. A non-empty set of vertices S in G is said to be a weighted defensive alliance
if
∑
x∈NG(v)∩S w(x) + w(v) ≥
∑
x∈NG(v)−S w(x) holds for every vertex v in S. Fricke et al.
(2003) [3] have proved that every graph of order n has a defensive alliance of order at most 1
2n

. In this note,we generalize this result toweighted defensive alliances. LetG be a graph
of order n. Then we prove that for any weight function w on V (G), (G, w) has a defensive
weighted alliance of order at most
 1
2n

. We also extend the notion of strong defensive
alliance to weighted graphs and generalize a result in Fricke et al. (2003) [3].
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A non-empty set of vertices S in a graph G is said to be a defensive alliance, or simply an alliance, if
|NG(v) ∩ S| + 1 ≥ |NG(v)− S| (1)
holds for every v ∈ S, where NG(v) denotes the neighborhood of v in G. The study of alliances in graphs was initiated by
Kristiansen et al. [5]. It is a mathematical model of allies among countries during a time of war. In this model, a vertex
represents a country, and each country can send forces to neighboring countries to defend them. By the definition of the
alliance, no country in the alliance is outnumbered. Thus, the countries in the alliance are defended, if each country has the
same amount of forces.
In the real world, however, countries have different amount of forces. One strong country may smash a country in an
alliance formed by a number of weak countries. If we consider such a situation in the model, it is more natural to consider
an alliance in a weighted graph. For a graph G and a function w: V (G) → R+, we call the pair (G, w) a weighted graph. A
non-empty set of vertices S in G is said to be a weighted defensive alliance, or simply a weighted alliance, if−
x∈NG(v)∩S
w(x)+ w(v) ≥
−
x∈NG(v)−S
w(x)
holds for every x ∈ S. If w is a constant function taking value one, then a weighted alliance coincides with an ordinary
alliance in an unweighted graph.
In this note, we study the order of a smallest weighted alliance. For unweighted graphs, in [5], it was conjectured that a
graph of order n has an alliance of order at most
 1
2n

. This conjecture was proved by Fricke et al. [3].
Theorem A ([3]). Every graph of order n has an alliance of order at most
 1
2n

.
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We generalize this result to weighted alliances. Let G be a graph of order n. Then we prove that for any weight function
w on V (G), the weighted graph (G, w) has a weighted alliance of order at most
 1
2n

. Note that this bound depends only on
the order of G and does not depend on the weight functionw.
We are not the first one to introduce the notion of aweight alliance. In [4], Jamieson andDean introduced it and discussed
its algorithmic aspects.
In the next section, we give ourmain theorem and its proof. In Section 3, wewill discuss the extension of a strong alliance
to weighted graphs. And in Section 4, we give concluding remarks.
For standard graph-theoretic terminology, we refer the reader to [1]. A pair of disjoint subsets A and B of a set X is said
to be a partition of X if neither A nor B is an empty set and X = A ∪ B.
2. Small alliances in a weighted graph
In this section, we prove the following theorem.
Theorem 1. Every weighted graph of order n has a weighted alliance of order at most
 1
2n

.
In [5], Kristiansen et al. remarked that a smallest alliance of the complete graph of order n has order
 1
2n

. It gives the
sharpness of Theorem 1.
In order to prove Theorem 1, we introduce one parameter. Let (G, w) be a weighted graph and let {X, Y } be a partition
of V (G). Then define s(X, Y ) by
s(X, Y ) =
−
xy∈E(G)
x∈X,y∈Y
w(x)w(y).
Note that in the case of unweighted graphs, w is a constant function taking value one and s(X, Y ) is simply the number of
edges between X and Y .
The next lemma is a simple but useful observation for the subsequent arguments.
Lemma 2. Let (G, w) be a weighted graph and {X, Y } a partition of V (G). Then for u ∈ X,
s (X − {u}, Y ∪ {u}) = s(X, Y )+ w(u)
 −
x∈NG(u)∩X
w(x)−
−
y∈NG(u)∩Y
w(y)

.
Proof. The proof is a simple calculation.
s (X − {u}, Y ∪ {u}) =
−
xy∈E(G)
x∈X,y∈Y
w(x)w(y)+
−
xu∈E(G)
x∈X
w(x)w(u)−
−
uy∈E(G)
y∈Y
w(u)w(y)
= s(X, Y )+ w(u)
 −
xu∈E(G)
x∈X
w(x)−
−
uy∈E(G)
y∈Y
w(y)

= s(X, Y )+ w(u)
 −
x∈NG(u)∩X
w(x)−
−
y∈NG(u)∩Y
w(y)

. 
Now we prove Theorem 1.
Proof of Theorem 1. Let (G, w) be a weighted graph of order n. Since V (G) is a weighted alliance, the theorem holds if
n = 1. Hence we may assume n ≥ 2. Choose X ⊂ V (G) with |X | =  12n so that s(X, V (G)− X) is as small as possible. Let
Y = V (G)− X . Then |Y | =  12n. Note in particular that since n ≥ 2, neither X nor Y is an empty set and hence {X, Y } is a
partition.
We claim that either X or Y is a weighted alliance, which yields the theorem. Assume, to the contrary, that neither X nor
Y is a weighted alliance. Then for some u ∈ X and v ∈ Y , we have−
x∈NG(u)∩X
w(x)+ w(u) <
−
y∈NG(u)∩Y
w(y)
and −
y∈NG(v)∩Y
w(y)+ w(v) <
−
x∈NG(v)∩X
w(x).
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Let X ′ = X − {u}, Y ′ = Y ∪ {u}, X ′′ = X ′ ∪ {v} and Y ′′ = Y ′ − {v}. Then |X ′′| = |X | =  12n and |Y ′′| = |Y | =  12n. By
Lemma 2, we have
s(X ′, Y ′) = s(X, Y )+ w(u)
 −
x∈NG(u)∩X
w(x)−
−
y∈NG(u)∩Y
w(y)

< s(X, Y )− w(u)2.
Lemma 2 also yields
s(X ′′, Y ′′) = s(X ′, Y ′)+ w(v)
 −
y∈NG(v)∩Y ′
w(y)−
−
x∈NG(v)∩X ′
w(x)

.
If uv ∉ E(G), then NG(v) ∩ X ′ = NG(v) ∩ X and NG(v) ∩ Y ′ = NG(v) ∩ Y . Thus
s(X ′′, Y ′′) = s(X ′, Y ′)+ w(v)
 −
y∈NG(v)∩Y
w(y)−
−
x∈NG(v)∩X
w(x)

< s(X ′, Y ′)− w(v)2 < s(X, Y )− w(u)2 − w(v)2 < s(X, Y ).
If uv ∈ E(G), then−
y∈NG(v)∩Y ′
w(y)−
−
x∈NG(v)∩X ′
w(x) =
−
y∈NG(v)∩Y
w(y)+ w(u)−
 −
x∈NG(v)∩X
w(x)− w(u)

=
−
y∈NG(v)∩Y
w(y)−
−
x∈NG(v)∩X
w(x)+ 2w(u)
< −w(v)+ 2w(u).
Therefore,
s(X ′′, Y ′′) < s(X ′, Y ′)+ w(v)−w(v)+ 2w(u)
< s(X, Y )− w(u)2 − w(v)2 + 2w(u)w(v)
= s(X, Y )− w(u)− w(v)2 ≤ s(X, Y ).
Thus, we have s(X ′′, Y ′′) < s(X, Y ) in either case. This contradicts the minimality of s(X, Y ), and the theorem follows. 
3. Strong alliances
A non-empty set of vertices S in a graph is said to be a strong alliance if |NG(v) ∩ S| ≥ |NG(v)− S| holds for every v ∈ S.
Comparing this definition with (1) in the definition of an alliance, we can interpret the meaning of ‘‘strong’’ in two ways.
(1) The contribution of+1 from v is not counted.
(2) The contribution of+1 from v is counted, but the inequality is strict.
These two interpretations do not make any difference when we consider unweighted graphs. But they do make a difference
for weighted graphs.
In this note, we adopt the first interpretation, which leads us to the following definition. Let (G, w) be a weighted graph.
Then a non-empty set of vertices S in G is said to be a strong weighted alliance if−
x∈NG(v)∩S
w(x) ≥
−
x∈NG(v)−S
w(x)
holds for every v ∈ S.
To make a comparison, we also give a definition to the second interpretation. A non-empty set of vertices S in a weighted
graph (G, w) is said to be a strict weighted alliance if−
x∈NG(v)∩S
w(x)+ w(v) >
−
x∈NG(v)−S
w(x)
holds for every v ∈ S. It is obvious that every strong weighted alliance is a strict weighted alliance. Therefore, an upper
bound on the order of a smallest strong weighted alliance also applies to the order of a smallest strict weighted alliance.
In [3], Fricke et al. have proved that every graph of order n has a strong alliance of order at most
 1
2n
+ 1. We give the
same upper bound for weighted graphs.
2074 K. Kimura et al. / Discrete Applied Mathematics 158 (2010) 2071–2074
Theorem 3. Every weighted graph of order n has a strong weighted alliance of order at most
 1
2n
+ 1.
Note that the conclusion does not depend on the weight function.
Proof of Theorem 3. Let (G, w) be a weighted graph of order n. Since V (G) is a strong alliance of G, the theorem holds if
n ≤ 2. Hence we may assume n ≥ 3. Take a partition {X, Y } of V (G) with ||X | − |Y || ≤ 2 so that s(X, Y ) is as small as
possible. Then max{|X |, |Y |} ≤  12n+ 1, and hence it suffices to prove that either X or Y is a strong weighted alliance.
Assume, to the contrary, that neither X nor Y is a strong alliance. By symmetry, we may assume |X | ≥ |Y |. Since X is not
a strong weighted alliance,
∑
x∈NG(u)∩X w(x) <
∑
y∈NG(u)∩Y w(y) for some u ∈ X . Let X ′ = X − {u} and Y ′ = Y ∪ {u}. Since
n ≥ 3, |X | ≥ 2 and hence X ′ ≠ ∅. Therefore, {X ′, Y ′} is a partition of V (G). Moreover, since 0 ≤ |X | − |Y | ≤ 2, we have
||X ′| − |Y ′|| ≤ 2. On the other hand, by Lemma 2, we have
s(X ′, Y ′) = s(X, Y )+ w(u)
 −
x∈NG(u)∩X
w(x)−
−
y∈NG(u)∩Y
w(y)

< s(X ′, Y ′).
This contradicts the minimality of s(X, Y ), and the theorem follows. 
4. Concluding remarks
We have extended the notions of an alliance and a strong alliance to weighted graphs. And we have proved that a
weighted graph of order n has a weighted alliance of order at most
 1
2n

and a strong weighted alliance of order at most 1
2n
+ 1.
The proof strategies in this note are the same as those in [3]. The difference is the introduction of a newparameter s(X, Y ).
It enables us to extend the arguments in [3] to weighted graphs. For unweighted graphs, it coincides with the number of
edges between X and Y .
As a notion similar to an alliance, Kristiansen et al. [5] also introduced an offensive alliance. For a non-empty set of
vertices S in a graph G, define ∂S by ∂S = NG(S) − S = {v ∈ V (G) − S:NG(v) ∩ S ≠ ∅}. Then S is said to be an offensive
alliance if |NG(v) ∩ S| ≥ |NG(v) − S| + 1 holds for every v ∈ ∂S. We can extend this definition to weighted graph just as
we have done for a defensive alliance. A set of vertices S in a weighted graph (G, w) is said to be aweighted offensive alliance
if
∑
x∈NG(v)∩S w(x) ≥
∑
y∈NG(v)−S w(y)+ w(v) holds for every v ∈ ∂S. Favaron et al. [2] proved that every graph of order n
has an offensive alliance of order at most
 2
3n

. We tried to extend their arguments with s(X, Y ), but we could not obtain an
upper bound on the order of a smallest weighted offensive alliance. Therefore, we pose one problem at the end of this note.
Problem. Give an upper bound to the order of a smallest weighted offensive alliance in a weighted graph of order n.
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